1. cviceni - reSeni

Pozor: pravdépodobné na nékolik mistech chybi + konstanta - pokud takové misto objevite, dejte mi,
prosim, védét mailem nebo zpétnou vazbou:

Priklad 1 (a) f(z) = (z +2)°

/ f(z)da

(z+2)%)° (z + 2)dz = / (22 + 4z +4)* (2 + 2)dz =

(2 + 42® + 42® + 42° + 162” + 162 + 42* + 162 + 16) (z + 2)dz =
(z* + 82° + 242® + 32z + 16) (z + 2)dz =

2° + 821 + 2423 + 3222 + 162 + 22* + 1623 + 4822 + 642 + 32 dz =

Il
OB o] B — — — — —

2% + 102* 4+ 4023 + 8022 + 80z + 32 dz =

10z° xt a3 22
— +40— — — 2 =
+5+04+803+802+3x+c

80
+22° +102* + Efc?’ +402% + 322 + ¢

Alternativné to lze pocitat pomoci substituce. Vyjde %(a: +2)% a vypoctem lze zkazat, Ze jde o tenty
vyraz.

6
Priklad 1 (b) f(z) = cosdzr + ——
(b) £(2) -
Pfipomenme: [ \/ﬁ = arcsinz pro z € (—1,1) a (sinz)' = cosz
/f( )d 'in. /cos(4 )d +6/ ! d sin(4e) + 6arcsinx +
z)dz = z)dx ——dz = resina + ¢
V1—z2 4
2?24+ 1
Priklad 1 (c) f(x) =
x

1 z?
flx)de= [ x4+ ;dx =3 +logz + ¢

x

Piiklad 2 (a) f(v) = #47

1
/f(x)dx:|y:ex+1, dy:ezdx:/dyzlogy—kc:log(ex—i—l)—i—c
Yy
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Priklad 2 (c) f(z) = ze”

/f(x)dx = ‘y = ¢, dy = 2z€”

2 2we”” y e
= Zdy =2 -
/ / Y 2 5 +c

Piiklad 2 (d) f(z) = (e%)?

y2 62:1:
[ e =ly= e, dy=erda| = [y =" o= e

1
Piiklad 2 (e) f(z) = SRI087
X

1
/f(:v)dx = ‘y =logx, dy = de

= /sinydy = —cosy+c=—cos(logz) + ¢

cos 2x

Priklad 2 (h) f(z) = e

in 2
/f(x)dx = ‘y = s1n2 - sinz cos z, dy = cos(2x)dx

1
:/f:2@+c:z¢m+c
Y

e?x

ver —1

Piiklad 2 (i) f(z) =

1
/f(x)dx:ky:em, dy = e*dz| = \/yyfldy:p:yfl, dz:dy|:/zjg dz =
1 2 2
:/ﬁ+ﬁdz §2+2f+c—§ )3 +2¢/y — +c— (" —1)5 +2veF — 1+
z+1
Priklad 2 (k =
fiklad 2 (k) f(z) = 25—
in. 1 1 1
/f(x)dxlz/ﬁj_?)d:n—k/ 2+3d:1:—|y—x + 3, dy—21:d3:‘ /y /3 sz:
() +1
1 1 1 1
= z:%, dz:%dx :2logy+c+\g§/22+1dz( )710 y+\é§arctanz+c—
1 2
—210g(x2+3)+\farctanx\/—gg+c
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(B) [ de = arctanz + ¢

7
Priklad 2 =
Fiklad 2 (n) [(2) =
7cosx 7cosx . 7
/f(a:)dx:/COSdex:/l_sinzxdx:hj:smx, dy:cosxdx]:/l_y2dy:

c 4n T 7 . .
P 2 (log(Jy + 11) — Tog(ly — 1) + ¢ = £ (log(Jsin @ + 1]) — log(|sinz — 1))) +¢

2

Priklad 2 (0) f(z) =

[ s ]Wdy

1
/xzx/xQ :/y2—1dy:

\/7
Pf,4a11 '1—y‘+ 11 1—+vVz2+1 n
= —log|——|+c=zlog|————| + ¢
2 % Ty 2 T VaZ 1
Priklad 2 (p) f(z) .
Fikla x) = —e
P V14 e

e’ 1
x)dr = |y = €%, dy = e¥dx| = d:z::/d =
/f( ) ly y | e i

r= 1492 de= ——2—d
ys, dz my

— ./ 2
14+ /1+y?

:/yd :/1 Pr4a,1 2—1—0:
y21/y2+1y 22—1 1+Z
1—+v1+4e2®

=_—log| —————|+¢
2 g1+\/1+e%

Piiklad 2 (q) f(z) = V1 — a?

/f(:r)dx = |x =siny, dx = cosydy, y = arcsinz| = / /1 —sin?ycosydy = / |cos y| cos ydy =

* i 1
= /0082 ydy @ % + w +c= 3 (arcsinx + cos (arcsinz) x) + ¢

CF):

[ cos? zdx P coszsing + ¢+ [ sin? zdzx

[eos?zdz = [1—sin®zdz =z +c— [sin®zdzx

Z predchozich dvou rovnosti plyne: 2 [ sin? zdx = 2 — cosxsinx + ¢, tedy i sin? zdy = E=coszsinz | .

2

Pak plati [cos?zdz = [1—sin®azdz =2+ c— [sin?zdy = ¢+ p — L=OSESINE — 2 4 COSTSING 4 ¢
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Priklad 3 (a) f(x) =logz

1
/f(x)dx:/l-logxda:}g!uzlogaﬁ, vV =1 :xlogx—/a;da;:mlogx—a:—i—c
x

Priklad 3 (d) f(z) = cos’z

PP . . . . .
/f(a:)dx = u=cosw, v =cosx =sinwcosx — /smx(—smx)d:c =sinx cosx + /sm2 xdx

/f(x)dx:/l—sinzxdx:x—/siHdex

Z predchozich dvou rovnic plyne: sinzcosz + [ sin?zde =« — i sin? zdx, tedy

.9 r — sin x cos x
sin“ xdz = —

7 toho plyne, Ze

/f(x)d:c:/l—SiHQxdx:x—/sin2$dx:x— ac—sm;ccosx = $+51n2:vcos:v+c

Pi#iklad 3 (f) f(z) = (22 + 32 + 3)e”

/f(x)dx¥|u:$2+3x+3, v/:ex’:($2+3$+3)ez—/(2x+3)exdx¥ u=2x+3, v =¢€" =

= (2% 4 3z + 3)e® — (22 + 3)e” + /Qexd:c =

=(2®4+3c+3-20-3+2)e" = (22 +x+2)" +¢

Priklad 3 (g) f(x) = ze® cosx

* x x
il x% (cosx +sinz) _/e (cosz +sinz)dz =

/f(:z:)de_P|u—x,v'—excos:r|( 5

#) e’ r 1
il az% (cosx +sinz) — % (cosz +sinz) — 2/63: sinxdx =
= x— (cosz +sinz) — — (cosx +sinz) — —— (sinx — cosz) + ¢ =
2 4 22
T
= 6?(:z:(cosac—i-sinav) —sinz) + ¢

PP / :
/ezcosa:dx = |u=cosz, v =¢| :e“;cosx—/ex(—smm)dm:

PP . / .
= |u:s1nx, v :ex‘ :e“cosx—i-exsmx—/excosxdx
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1
= /em coszdx = §6$ (cosx +sinz) + ¢

(B):

T o3 x
. PP , . . €3 . e*sinz e%cosx
/exsmxdw = |u:ex, v :smx‘ —€xSIH$—/6xCOS{Ed$ = e’sinx — 5 T 3 +c=

e” (sinx — cos )
= + C

2

Priklad 3 (h) f(x) = coslogx

1
/f(:r)dx o }u = coslogz,v = 1‘ = xcoslogx — /x (—sinlog z) —dz = z coslog x + /sinlog:):dx =
x
PP . ’ . 1
= }u =sinlogz, v' = 1’ = xcoslogz + xsinlogx — /x coslog xdzxr =
x
=z (coslog z + sinlog ) — /f(x)d:c
Dostavame: [ f(x)dz = x (coslogz + sinlogz) — [ f(x)dz, tedy
/f(m)d:c = g (coslogx + sinlog x) + c.

1
x2—1

Priklad 4 (a) f(z) =

Parcialni zlomky: 2 — 1 = (z + 1)(z — 1)
1 A B

@—D@+1) -1 z+1

1l=Az+ A+ Bx — B

Soustavas:

0=A+B
1=A-B

Reseni soustavy:

Integrace:
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1 1 1 1
/f(x)dx:/ dx—/ de=ly=2—-1,dy=de, z=2+1, dz =dz| =

2) x—1 2) z+1
1 1 1 1 1 1 1 Y 1 rz—1
—— [ Zdy—= [ Zdz==logly| — =1 — 1 H — “log|¥ =
2/yy Q/zz 2og\y| 2og]z]—l—c 2ogz—i-c 20gx+1’+c
Xz

Parcialni zlomky: 23 —1 = (z —1)(2? + 2 + 1) a z diskriminantu plyne, 7e (22 +x + 1) nejde jiz rozlozit

na soucdin.

1 A Bx+C

x3—1_:c—1+x2+m+1

Soustavas:

0=A+B
1=A-B+C

0=A-C

Regenf soustavy:

1

A=—-

3

B:_—l

3

1

C=-

3

Integrace:

1 1 -1 r—1
dr = = d — | —————dz =
/f(x) v 3/3:—1 SR /x2+m+1 v
:}y:x—l, dy=dz, z=2>+z+1, dz:(2m+1)dm}:
1 1 1 20+1—-1-2 1 1 1 1 -3
S/yy 6/ 2ratl 3og|y\ 6/,22 6/x2+x+1x
=) 1 1 1 /4 +1
(:)310g|:r—1]—6log|x2+$+1\+2\/;arctanx\/§2—l—c
4
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(=9):

1 1 4 1 1 4
/2dx:/2dw:/2dx:y:x+2,dy: —dz| =
r +x+1 (ZL‘—I—%) _{_% 3 ( ) , \/g 3
+

Sy

\/5
4
i3 e
= 4/ — arctan c=
y+1y 3 Y
\/Z JJ+%
= 4/ — arctan +c
3 \ﬁ
1

Piiklad 4 (d) f(z) =

(14 z)(1 4z + 22?)

Parcialni zlomky: Opét lze snadno ukézat, ze > + = + 1 nelze rozlozit na soudin.

1 A B Cx+ D

z(1+2)(14+2x+ 2?) _;+$+1 +x2—|—x+1

Soustava:

0=A+B+C
0=24+B+C+D
0=24+4+B+D

1=A
Regenf soustavy:
A =
=-1
C=0
D=-1

Integrace:

NiZe pouzivame (=), ktera je vyse.

1 1 1 = 4 +3
/f(ac)dx:/xdx—/x+1dx—$2+x+1dx(:)log|x\—log|x+1]—\/;arctanﬁ\/;+c
1

x4 —
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Parcialni zlomky: z* — 1 = (:U2)2 —1=(2>+1) (2> =1) = (2*+1) (z + 1)(z — 1)

1 A . B +C$—|—D
z4—-1 x—-1 z+1 241

Soustavas:

0=A+B+C
0=A-B+D
0=A+B-C
1=A-B-D
Regenf soustavy:
1
A=-
4
1
B=—-
4
Cc=0
1
D=—-
2
Integrace:
1 1 1 1 1 1 1 z—1 1
de = - dr — - de— = | ——dz=-1 — —arct
/f(x) v 4/33—1 v 4/x+1 . 2/:1:2+1 TT8 m+1’ p arctanr ¢
Priklad 4 (h) f(z) = —
RS

Parcialni zlomky: Dle teorie reciprokych rovnic (jde o 1. druh sudého stupné) vytkneme 2, provedeme

substituci y = = + % a upravime, abychom dostali rozklad na soucin.

2t 1 =2 <w2+;2>='y=x+i, y2=x2+;+2‘=x2(y2—2):a:Q(erﬂ) (y—x@):
:x<x+\/§+i)x(x—\@+;> :(:c2+a:\/§+1> (:cQ—a:\/i+1>

7 diskriminantu plyne, Ze ziskany soucin nelze dale rozlozit.

1 Ar+ B Cx+D
2 4+1 2242v241 22—2v2+1

Soustava:
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0=A+C
0=-A4v2+B+CV2+D
0=A—BV2+C+DV2

1=B+D
Regenf soustavy:
1
= e
1
B=-
2
1
22
p=1
2

Integrace:

1 2
/f(a?)dx: / z+ V2 de — / dr =
2v2 ) 22 +2v2+1 2V/2 x2—a:f+1
:’y:x2+x\/§+1, dy =22 +V2, z=22 —2v2+1, dz =22 — V2dz| =

B / 2z + /2 N V2 / 20 — /2 V2
44/2 :E2+m\f+1 22+ avV2+1 4/2 $2—x\f—|—1 mZ—x\/§+1

4[/ /xQJr:cl\fH v 4\f/ /x2—a:1f+1 v

4\[ (log |y| — Tog |2]) + V2arctan (zv/2 + 1) — v2arctan (zv2 — 1) e

4

T —|—a:\/§—|—1
22 —1vV2+1

—110

i \ff (\/ﬁarctan ($ﬂ+ 1) — V2 arctan (az 2 — 1)) +c

(®)

N[

e e S s S
a2 +av2+1 ( +@) n <x+¢§> . (zvV2+1)" +1

1
:‘y:xﬂ—{—l, dy:\/idx‘:ﬁ/Qdy:
ye+1
= V2arctany + ¢ = V2 arctan (x\/i—i- 1) +c

1
- = dx = —+V2arctan <a: 2 — 1) + ¢ analogick
/ 2 —2v2+1 BICEY
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K Prikladu 5: Vypocet parcidlnich zlomkd vynechdn, volba goniometrické substituce se vidi
postupem z teorie (rozbor raciondlni fce dvou proménngch R). Ddle nezapominejme, Ze pti
substituci y = tgz nebo y = tg 5 je potFeba omezit, odkud bereme x.

sinx cosx

Priklad 5 =
Hixa (@) f(=) sin?x + 2cos? x

y
—_ d p—
/1+y2 Y

1 1 1
:‘z:1+y2, dz:2ydy‘ :—2/zdz2—210g|z|—|—c:—2log}1+cos2a:‘+c

sinx cos uv '
/f /1+cos2 dx_'R(%”)_Hvz, y=cosx, dy = —sinzdr| =

1

Priklad 5 (b) f(z) = —
sin® x
sinx sinx 1
dx—/ dx:/dx: =cosz, d :—sinxdx:—/d =
/f sin? z (1 — cos? x)2 Iy Y | (1 —y?)? 4
par. zlomky 1 1 1 1 1 1 1 / 1
= - —dy—--——=dy—- | —dy— - | ——=dy =
1)y 1Y T aa =2 1) y Y1) @y

cosx — 1 1 1
+ + +c
cosx +1 cosr—1 cosx+1

OIS S NS B WA 8
= — (o) C = — (0]
A\B T Ty -1 Tyt 1 %8

3sin?z + cos? z

Priklad 5 =
Hxa () f(z) sin?x + 3cos2x

1+ 2sin?z
d — 7(:1 =
/f(:v) v /1—1—2c052:1: v
1+ 2u? 1 2 1
—’R(u,v)——i—u y=tguw, 152 = dz, sinz = Y cos® ¥ = =

1+ 202 1+y? 1+y2

1+2L 2 2 1 2 1 2
/ 1 d:/1+3y1—|—y 1 dy:/(+3y)(+y)dy:

1+21+21+y2 T+y? 3+y21+92 3+y?
par. zlomky 2 16 3 16 Yy
= 3y — 54+ ——dy =y° — by + — arctan —= +c =
/ Y 3l T YT V3
1632 — 5tgz + —2 arctan B2 4
=tg’x — T+ — arctan — + ¢
g g /3 /3
Pro z € (=5 +km, § +km), k € Z.
Priklad 5 (d) f(z) = ——
rikla _
sinz 4 tgx
cos T v
/f(ac) x /sinxcosx—}—sinx x = |R(u,v) —— y =cosx, dy sin xdz

Yy par. zlomky 1 1 1/ 1 1/ 1
= ay Ay 2 = gy s [ gy [ —dy =
/(y2—1><1+y>y i)y ) e e )y

1 y—1 1 1 cosx — 1 1

— 2] = -1 -
og‘ e ©8 cos:c+1’ 2(cosas+1)+C

4 y+1'_2(y+1) 4

Matematika 3, 2024 /25 10



cos 2x

Piiklad 5 (e) f(z) = sin? z + 2 cos? x

2
1 — 2sin? 2 1-2-%5 1
/f(x)dx:/élr;bﬁvdmz y =tga, dv = ——dy, SimQ:c:yi2 :/ szz 5
2 —sin‘“zx 1+y 1+y 2_1Jyry2y+1
1- y2 par. zlomky 1
= d = -3 | ——dy+2 | ——dy =
| wmirn [ mete [
5 arctan — + 2arctany + 5 arcta tgzﬂ%—Zacta tgx +
= ——— arctan —= rctany + ¢ = ——— arctan —— rctantgz + ¢ =
Vit e ! vt e i
3 arctan B 4+ 95 +
= ———arctan — + 2z + ¢
V2 V2
Pro z € (-5 +km, § +k7), k € Z.
. 1
Priklad 5 (f) f(z) = — 5
sin® x - cos? x
1 1 1+ 92 1
fla)de =ly =tgz|= [ (77— 5 —7dy= s—dy= [ - +1dy =
T T * Y Y
1 2 sin2x_1 2 2
:—7+y+x—|—c:y +C:COSE§1I Loo St 2cos ToCOST
y s cos? x sin
— cos(2x) -1
:W—i—c:?cotg@x)—i-c
Pro z € (=5 +km, § +km), k € Z.
Piiklad 5 (g) f(z) =tg’x
sin® z (1-42)? 1 .1 1
/f(a:)da?:/ s—dr = |y = cosz, dy:—sinydx\:—/5dy=—/—23+5dy
cos® x y y oy oy
1 1 1 1
= —logly| — — + —5 +c=—log|cosz| - 5+ g tc
y= by (cosz)” 6 (cosz)

K Prikladu 6: subtituce vybirame podle navodu z teorie (rozbor fce R...)

14+ Vo +1

Priklad 6 (2) f(r) = Z===—"—"

dy =
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@\m

de=ly=vVe+1, dy==(x+1 :/6 5q :6/d =
/f() ‘y y= ( )~ S ooy S

y(y +vy ) Yy —y4 par. zlomky 6 2 / 1 y—2
/ 5% Jy+1 dy

Yo + 13 Yo +y 3 —y+1
29 — 1

=3y* +4lo +1+/ +
y gly +1] E—— y_yHy

1
=3y2+410g!y+1\+10g|y2—y+1|—3/ ———dy =

1 3

(y—§)+z

3y2+4logy+1+logy2y+133/<

1
=3y’ +4logly+ 1| +log|y* —y + 1| — \/>arctan \[2

2
=3y? +4log|y + 1| +1log|y? — y + 1| — 2v/3arctan v +c:

V3
2/ 1-1
:33;+1+4mga;+1+u+mgw@+1_@@+1+u_2¢mRmnljé+c
r—11
Priiklad 6 (b = -
fiklad 6 (b) f(z) = |/~
V subsitutic nize plati:
2_$_1
Y S+l
(z+1)yP =21
56(3,12—1):—1—3,/2
e 2 <
x—ﬁ proy“#1, t —1# x+ 1, tedy pro vSechna x # —1

)= [z —1 dy = z+1 —1—y2
x+1 z—1 a;—i—l y?—1

/y- y L y-(_l_y +1> dy:/yQ(yQ_l) <_1_y2+y2_1>2dy:
_1_y2 y2_1 _1_y2 y2_1

PR e -

) =y (2 -1)? y_/(—l—yQ)(yQ—l) a

par. zlomky 1 1 1
B /y—l—l +y—1 _2y2+1dy:10g|y+1’+10g‘y—1‘—Qarctany—i—c:

[ s =

z—1 rz—1 z—1
=1 — 1] +log|y/——+1] =2
og 1 + log x+1+ arctan 3:+1+c
1-— 1
Ptiklad 6 (c) f(z) = Bixﬁ
1+ Yz +1
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-1
:6/ YAy Yy L dy =
7 5 4 3 2
vty oyt oy y 1 2y 2
:6 —_— —_— —1—— —— — — —_ —_ d =
( 75T T3 2+y+2/y2+1 21 y)
67 6 3
- +%+%—2y — 3y® + 6y + 3log(y? + 1) — Garctany + ¢
Priklad 6 (d) f(z) = ! >3
X
+3vVx2—-5x+6

Plati: 22 75x+6—(:v—2)( —3).

r—2 1 [z—-3 -1 3y? — 2
/f(x)x Y=Vz—3 YT Ve 2@ 32" T 21
1 3y2 — 2 2
:—2/ y< —3> dy =
y2y_1 y2_1

__2/ y (32 -2-32+3)°

2_ P) Yy =
T WY

y(y” —1) 1 / —2y
/2y2+3y—2(y2—1)2 Y W -2 +3y—2)"

par z_lomky/ 1 _ 4 i 8 _ 1 du —
3(y+1) 15(y+2)  15(2y—1) 3(y —1) v=

1 T1| 4 1 1 =+ \/x_g
y -3 r— x
! log S v I 71
308y ‘ 58 2 T T3 s | T % e 2
r—3 r— 3
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